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Review papers

The statistical basis of meta-analysis
JL Fleiss Columbia School of Public

Health, New York

Two models for study-to-study variation in a meta-analysis are presented, critiqued and illustrated. One, the
fixed effects model, takes the studies being analysed as the universe of interest; the other, the random effects
model, takes these studies as representing a sample from a larger population of possible studies. With
emphasis on clinical trials, this paper illustrates in some detail the application of both models to three
summary measures of the effect of an experimental intervention versus a control: the standardized difference
for comparing two means, and the relative risk and odds ratio for comparing two proportions.

1

Introduction

As the other articles in this issue demonstrate, meta-analysis is only partially a set of
statistical manoeuvres. But the statistical part constitutes a large and important fraction
of what it is that a meta-analysis consists of. In this article we consider the meta-analysis
of the results of several clinical trials of the same treatment. We begin in section 2 with
the presentation and comparison of two competing models for experimental effects
(’effect sizes,’ in the jargon of meta-analysis). We proceed to examine and illustrate the
analysis of three summary statistical measures that are popular in such trials’: the
standardized difference between two means (section 3), the relative risk (section 4), and
the odds ratio (section 5). Because of its importance, we pursue the analysis of the odds
ratio in section 6. The paper continues with a brief section, number 7, devoted to the
meta-analysis of product-moment correlation coefficients, and concludes with an even
briefer Discussion section.
Let C denote the total number of studies to be analyzed, with c representing a typical
study (c 1, ... , C). There are two distinct approaches to the analysis of data in a
meta-analysis. One approach, the more popular,’ is to take these C studies as the only
ones of interest. The second is to take the C studies as a sample from a larger population
of studies. The two approaches correspond respectively to the assumptions of a fixed and
of a random set of studies in the analysis of variance. Highlights of the differences
between the two approaches will be presented in the next section for general measures of
effect or association. Subsequent sections will consider three specific measures, one of
them appropriate for continuous variables and two appropriate for categorical variables.
In each case the within-study sample sizes are assumed to be large.
=
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This article is written at close to an elementary statistical level, being intended for
clinical investigators and other nonstatisticians who desire an overview of the most
prevalent statistical procedures employed in the meta-analysis of clinical trials. As a
result, theory is kept to a minimum.

2

Fixed or random effects

Let Y denote the generic measure of the effect of an experimental intervention (hereafter
dubbed the ’effect size’), and let W denote the reciprocal of its variance. Under the
assumption of a fixed set of studies, a good estimator of the assumed common underlying
effect size is
.

with

a

standard

error

of

The null hypothesis that the population effect size is
test by calculating the statistic

zero

may be tested with

a

two-tailed

and rejecting the hypothesis if Izl > Za/2, where Za/2 is the 100(1- a/2) percentile of the
standard normal distribution. An approximate 100(1- a)% confidence interval for the
population effect size, say ~, is

A number of biostatisticians have proposed that the above fixed-factor analysis be
preceded by a confirmation of the hypothesis that there is no study-by-effect size
interaction, i.e., that the C studies are homogeneous with respect to their effect sizes.2-4
A test of this hypothesis (the hypothesis of ’combinability,’ in a popular expression) may
be based on the magnitude of the statistic

The hypothesis would be rejected if

Q exceeds X’ - the upper 100(1- a) percentile of
distribution
with
C
-1
chi-square
degrees of freedom. If statistically significant
is
a
overall
heterogeneity found, single
analysis of all C effect sizes might not be valid.
as
well
as
statistical - of the results of those subsets of
Separate analyses - descriptive
studies within which the effect sizes are homogeneous might then be indicated.
Under the assumption that the studies are a random sample from a larger population
of studies, there is a mean population effect size, say ~, about which the study-specific
effect sizes vary. Thus, even if each study’s results were based on sample sizes so large
that the standard errors of the Ys were zero, there would still be study-to-study variation
because each study would have its own underlying effect size (i.e., its own parameter
the

value).
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Let D denote the variance of the studies’ effect sizes, a quantity yet to be determined,
and let Q again denote the statistic for measuring study-to-study variation in effect size.
Further, define W and S iv to be the mean and variance of the Ws; i.e.,
-

and

With

the estimated component of variance due
calculated as

to

interstudy variation in effect size, D, is

and

(see DerSimonian and Laird’). The random effects point and interval estimates of § are,
W * defined as

with

given by
and

Note that there is no concern in the random effects analysis about the statistical
or not of Q, the statistic for measuring interstudy heterogeneity. On the
contrary, it is taken as axiomatic that interstudy heterogeneity exists, and that it should
automatically be taken into account in the analysis.
A predictable consequence of performing a random rather than a fixed model analysis
is that the confidence interval for the underlying parameter is wider (compare
expressions 2.4 and 2.13). Specifically,

significance

with equality only when D 0 (see equation (11)). A random effects analysis therefore
suggests more uncertainty in estimating the underlying parameter than does a fixed
effects analysis.
The controversy concerning how, if at all, interstudy differences in the magnitudes of
the estimated effect sizes should be taken account of in a meta-analysis is far from being
resolved. The perspective taken here is that, in spite of its lack of popularity, the random
effects model is generally more appropriate than the fixed effects model. The random
effects model anticipates better than the fixed effects model the possibility that some
studies not included in the analysis are under way, are about to be published, or perhaps
=
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have even already been published in an obscure journal, and that the results in some of
the non-included studies are different from the results in most of the meta-analyzed
studies.
DeMets’ and Bailey’ discuss the strengths and weaknesses of the two competing
models. Bailey presents those circumstances, assumptions and research questions under
which one or the other model is more appropriate. He suggests that when the research
question involves extrapolation to the future - will the treatment have an effect, on the
average - then the random effects model for the studies is the appropriate one. This
research question implicitly assumes that there is a population of studies from which
those analyzed in the meta-analysis were sampled, and anticipates future studies being
conducted or previously unknown studies being uncovered.
When the research questions concern whether treatment has produced an effect, on
the average, in the set of studies being analyzed, then the fixed effects model for the studies
is the appropriate one. These questions assume that there is little interest or value in
8
generalizing the results to other studies. Meier,~ on the one hand, argues that
study-to-study variation is a key feature of the data and should contribute to the analysis.
He thereby supports the former perspective. Peto,’ on the other hand, supports the
latter perspective that only the studies that are currently being analyzed should be of
interest. The present author agrees with the former perspective.
Subsequent sections of this paper are, nevertheless, devoted to both fixed and random
models for analyzing three effect sizes that are used in medical research: the standardized difference for continuous response variables and the relative risk and odds ratio for
binary response variables. Numerical examples are provided.

3

The standardized difference between two means

Consider a series of C studies each
of

comparing the responses of two independent samples

continuous response variable. Assume that the
distributions of responses in the two treatment groups are equally variable, either for the
response variable itself or after transformation. Let X denote the resulting generic
1, ... , C), let the estimated effect size be
response variable and, within study c (c
denoted by

subjects

to two treatments on a

=

91, and 9,2 are the mean responses to the two treatments and where s, is the
square root of the pooled variance. If the sample sizes in the two treatment groups are nc,
and n~2 , both large, and if the population variances are equal, then the variance of Yc is
where

approximately equal to (nc, + nc2)lnclnc2,
is equal

and the

resulting fixed model weighting factor

to

Note that Y is dimensionless.
Table 1 presents, for illustrative purposes, descriptive statistics from C 5 comparative studies selected from the more than 50 analyzed by Mumford et al. for the effect of
psychotherapy on patients hospitalized for medical reasons. 10 The outcome measure was
=
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Table 1

*

s

Descriptive statistics for five studies of the effect of mental health treatment on medical

is the square root of the

utilization

weighted average of sd2 and sd2.

in some studies the number of readmissions to
of days in hospital.
The weighted average of the five effect sizes

with an estimated standard

error

hospital and in other studies the number
is, from Table 2,

of

An

approximate 95% confidence interval for ~, the assumed common underlying effect
size, is

or

Because the confidence interval excludes the value 0, one may reject the hypothesis that
~ 0. For a direct test of the hypothesis, one may calculate the test statistic in equation
(3) and reject the hypothesis if its absolute value is large. Here,
=

(p < 0.01),

confirming the statistical significance of Y.

Table 2 Summary statistics for a meta-analysis of the
values in Table 1

t Y is the standardized difference between the two
means in Table 1, Y= (X, -)(2)/S.
tW is the study-specific weighting factor, W = n, n2/

(n,

+

n2 ).
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Suppose one wishes to replace the assumption of homogeneity (i.e., of a common
effect size underlying each study) with the corresponding hypothesis that one would put
to the test. The chi-square test statistic in equation (5) may be reexpressed as
its value for the illustrative data

set

is

with C - 1 4 degrees of freedom, far from being statistically significant. There is no
statistical evidence for interstudy variation in the standardized difference.
Because the value of Q is less than C - 1 = 4, U = 0 (see equation (9)) and the fixed
and random effects analyses are identical.
=

4

-

The relative risk

Consider now the meta-analysis of C comparative studies in which the response variable
is binary: improved/unimproved or good response/poor response in clinical trials, or
diseased/not diseased in cross-sectional or longitudinal epidemiological studies. Within a
typical study, let PI and p2, based on samples of sizes nl and n2, be the observed rates of
occurrence of the undesirable response in the two groups being compared, and let P1
and P2 be the values of the corresponding underlying parameters (i.e., P1 and P2 are the
expected values of PI and p2). The sample sizes nl and n2 are both assumed to be large.
The difference P2 - P1 is the simplest and most easily understood parameter for
describing the effect on a binary response variable of the experimental regimen in group
1 as compared to the control regimen in group 2. In spite of its simplicity, the difference
is rarely used as the measure of treatment effect for binary variables. A phenomenon that
provides a possible reason for this is that the range of variation of P 2 - PI is constrained
by the magnitudes of P1 and P2 : the possible values of the difference when P1 and P2 are
close to 0 (or to 1) are smaller than when they depart from 0 (or 1).
If the values of P1 and P2 vary across the C studies in the meta-analysis, the possible
range of values Of P2 - Pl may also vary. The appearance of interstudy heterogeneity
might therefore result, but because of mathematical constraints that operate on
probabilities rather than because of substantive factors. The relative risk, which we
consider next, is less prone to the artifactual appearance of heterogeneity, and the odds
ratio, which we consider subsequently, is not prone to it at all.
Given the values of the two underlying probabilities, the population relative risk is

equal to

A biased but consistent estimator of RR is

In some settings, the relative risk is referred to as the rate ratio, and in others as the risk
ratio.
In a clinical trial, the relative risk is functionally related to the proportionate reduction
Downloaded from smm.sagepub.com at DUKE UNIV on October 1, 2012
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in the rate of occurrence of the outcome variable due to the experimental agent. If group
2 is the control group and group 1 the experimental group, the proportionate reduction
is, say, PR (P2 - P )/~2 which is easily seen to equal (RR - 1 )/RR.
The range of variation of the relative risk is awkward for statistical analysis and
description. Specifically, values in the finite interval from 0 to 1 represent a greater risk
in group 1 than in group 2, the value 1 (rather than the more familiar value 0) represents
equal risk, and the infinite interval from 1 to infinity represents a lower risk in group 1
than in group 2. Furthermore, the sampling distribution of rr is asymmetric about RR
unless the two sample sizes are very large. Fortunately, a simple transformation, the
logarithm of rr, frequently undoes both of these awkward features.
Thus, define L(rr) to be the natural logarithm of rr:
=

.

L(rr) is approximately normally distributed about a mean of L(RR) with a standard error
estimated

as

.

-

The summary statistics in Table 3 were adapted from data presented by Fleiss and
are of seven randomized studies, in chronological order, of the
effectiveness of aspirin (versus placebo) in preventing death after a myocardial
infarction. 17-23 The value of the statistic in equation (22) for testing the null hypothesis
of homogeneous relative risks is

Gross.&dquo; The results

with six degrees of freedom (p > 0.10). There is thus no statistically significant evidence
against the validity of pooling the results of all seven studies.
The point and 95% confidence interval estimates of the assumed common log relative
risk are

with

a

standard

error

of

and
or

the interval

In terms of the

original units, the point estimate of the assumed common relative risk is
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and the 95% confidence interval is

or

indications, however, that the relative risks may be heterogeneous.
begin with, the first five studies. They were strikingly homogeneous, with
the relative risks varying over the narrow interval from 1.21 to 1.43. For just these
studies, the mean log relative risk is equal to
There

are some

Consider,

with

a

to

standard

error

and the value of the

of

test

statistic for

homogeneity in equation (5) is

degrees of freedom, far from statistical significance.
(The pooled log relative risk in these five studies, L(rrl_5 )

with four

=

0.2375, is significantly

different from 0:

(p < 0.005). None of the five individual log relative risks was statistically significant, an
interesting but irrelevant statement for inference. It is the statistical significance or not
of the pooled result that should be the basis of one’s inference in a meta-analysis, not the
significance or not of the individual studies.)
The log relative risk in study 6, to return to the issue of heterogeneity, is significantly
different from the mean log relative risk in studies 1-5. The value of the appropriate
critical ratio is

.

(p < 0.005). There is thus some question concerning the validity of pooling the results of
study 6 with those of the remaining studies (or at least with those of studies 1-5).
It would be invalid to drop study 6 from the meta-analysis for the only reason that its
measure of effect differed significantly from the measures in the first five studies. It
Downloaded from smm.sagepub.com at DUKE UNIV on October 1, 2012
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on the other hand, be valid to analyze the results of all seven studies using the
DerSimonian and Laird random effects analysis, especially if one had assumed a priori
that the studies’ relative risks varied randomly one from another. The estimated
component of variance due to study-to-study variation (see equation (10)) is

would,

where 528.2163 is the value of the

In

quantity

U in

equation (8),

equation (42),

the average

weight, and

the variance of the weights.
The values of the new weights, the W*s (see equation (11)),
For example,

are

presented in Table 4.

The reader should note that the minimum and maximum values of W* differ by a factor
less than 7, whereas the minimum and maximum values of W differ by a factor greater
than 50. The influence of the seventh and largest study, ISIS-2, on the random effects
analysis will thus be less than its influence on the fixed effects analysis.
Given the summary values
and
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one

may calculate the

and its standard

mean

log relative risk as

error as

The value of the critical ratio for

the

is barely
population value is
mean

or

the interval

In

terms

and

a

significantly

testing the significance of the mean log relative risk is

different from

of the relative risk itself,

a

zero.

A 95% confidence interval for the

point estimate is

95% confidence interval is obtained by exponentiating the limits of equation (52),

The random effects interval in equation (54) is discernibly wider than the fixed effects
interval in equation (35), thus suggesting greater uncertainty in our knowledge of the
underlying relative risk.

5

The odds ratio

Consider again a comparative study in which the response variable is binary. A measure
of effect that is less intuitively understandable than the relative risk, but is nevertheless
widely used (especially in epidemiological case-control studies), is the odds ratio. Let G
and G represent good and poor responses, and let E and C represent the experimental
and control groups. The probability of a good response for patients in the experimental
group is, say, P(G I E), and the associated odds for a good versus a poor outcome are

Similarly, the odds for a good versus a poor outcome in the control group are

The odds ratio is

simply the ratio of these two odds values,
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When the probability of a poor outcome is low in both treatment groups (that is, when
P(G ~ I E) and P(G ~ C ) are both close to unity and so therefore is their ratio), then OR is
approximately equal to (1-P(GIC))/(l-P(GIE)) P(G ~ C )lP(G ~ E ), the relative
risk. RR and OR will thus be close in value one to the other when the outcome under
analysis is rare. This near-identity of the odds ratio and relative risk, while interesting
and important, does not help to clarify the meaning of the odds ratio, though.
Perhaps its meaning is not clear because the meaning of the odds value itself is not.
Consider, for example the quantity Odds (G I E) in equation (55), rewritten as
=

The odds value is the ratio, in the population of subjects treated with the experimental
regimen, of the proportion (or number) with a good response to the proportion (or
number) with a poor response. Given the identity

and the

_

complementary one in equation (58), it is clear that

the information present in
the information present in P(G I E). Nevertheless, the
personal impact of ’for every 100 subjects from the experimental group who have a poor
outcome, 100 x Odds (G ~ E ) is the number expected to have a good outcome’ may be
very different from the impact of ’out of every 100 subjects from the experimental
group, 100 x P(G ) E ) is the number expected to have a good outcome.’ Once the reader
develops an intuitive understanding of an odds value, it will become obvious that two
odds values are naturally contrasted by means of their ratio.
Let the observed frequencies be represented as in Table 5, and assume that of the total
oft subjects, nl. are assigned at random to receive the experimental intervention and n2.
are assigned at random to serve as control subjects. The numbers of successes, nll and
n21, are binomial random variables with parameters peG IE) and P(G ~ C ). A consistent
estimator of OR when all nijs are large is

Odds

and

(G ~ E )

is identical

to

consistent estimator of the
sample odds ratio24 is
a

squared standard error of the natural logarithm of the
....
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To

overcome

quantity 0.5
calculated.&dquo;

the bias in

or

and in

SE(L(or) ) when one or more of the nijs are small, the
frequency before equations (60) and (61) are

may be added to each cell

Consider again the notation in Table 3. When, as there, the summary values
sample sizes and proportions, the point estimate of the odds ratio is expressible as

where qi 1- pi (i
expressible as
=

=

1, 2), and the estimated squared standard

error

of its

are

logarithm is

Given the identities nl2 ~ nl pi and n22 ~ n~p~ , the reader will find it instructive to prove
that the expressions in equations (60) and (62) are equal, as are those in equations (61)
and (63).
Table 6 represents the

quantities, derived from Table 3, needed for applying a
odds
ratios
rather than relative risks. The value of the test statistic in
meta-analysis
for
for
equation (22)
testing
homogeneous odds ratios is a statistically nonsignificant
to

with six degrees of freedom. According
estimate of the log odds ratio is

with

an

estimated standard

With respect
with

a

to

error

to an upper

fixed effects analysis, the

pooled point

of

the odds ratio itself, the

95% confidence interval

to a

point estimate is

extending from a lower limit of

limit of

This interval is close to the one in equation (35) for a fixed effects analysis of the relative
risk.
A random effects analysis of the odds ratios requires at first the calculation of the mean
and variance of the within-study weights (see equations (6) and (7)). These are

and
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The value of the

quantity

U in

equation (8) is

and, finally, the estimated component of variance due to between-study variation in the
values of the odds ratios (see equation (10)) is

appropriate weights WI, ... , We under the random effects model, given by the
formula in equation ( 11 ), are arrayed in the final column of Table 6. (For example, the
value of Wl is (0.0097 + 25 . 71-1 )-1 20. 5 8 . ) The corresponding point estimate of the
The

=

log

mean

with

The

an

odds ratio is

estimated standard

mean

error

of

log odds ratio is statistically significant (p < 0.05),

A 95% confidence interval for the

the interval

A

point estimate of the mean odds ratio itself is
a

95% confidence interval for it is obtained

strongly so:

by taking antilogarithms of the limits in

equation (78),
Table 6

not

underlying parameter is

or

and

but

.

Analysis of odds ratios for the studies summarized in Table 3
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The random effects interval just obtained is measurably wider than the fixed effects
interval in equations (68) and (69), suggesting greater uncertainty in our knowledge
concerning the mean odds ratio.
It is important to note that the influence of ISIS-2, the largest of the seven studies, is
markedly less under the random effects model (largest ratio of W weights 89.24/
13.43 6.6) than under the fixed effects model (largest ratio of W weights 664.26/
=

=

=

15.44

6

=

43.0).

More

on

the odds ratio

6.1

Peto’s (0 - E)/V
Richard Peto and his colleagues seem to have been the first to attempt to draw
inferences about the odds ratio using the following summary quantities for a fourfold
table.26 Let the entries in a typical table be as displayed in Table 5, and define

the observed value in the upper left hand cell;
the number expected in that cell under the
and column classifications; and

hypothesis of independence between the row

the exact hypergeometric variance of 0, assuming independence and conditional on the
values of the marginal frequencies. Peto and colleagues, in their meta-analyses,
estimated the natural logarithm of the odds ratio as, say,
and estimated its variance

as

Interestingly, the weighting factor associated with L(~), say W’ 1/Var(L(~r) ) V, is
itself a variance, and not directly the reciprocal of a variance.
Peto’s approximations to the point estimate of the logarithm of the odds ratio and to
its weighting factor are strikingly close. The frequencies in Table 7 are those that
underlie the proportions in Table 3, and the derived statistics in Table 8 are those
needed to carry out Peto’s analysis. The reader will note the good agreement between the
estimated log odds ratios in Tables 6 and 8 (in columns L(or) and L(~)), and the good
agreement between their associated weights (in columns W and W ). In the former case,
the relative error, 100 x ~ I (L(or) - L(~))/L(or) 1, varies from a low of 0.2% to a high of
2.3%. In the latter case, the relative error, 100 x ~ W- W’ ~ lW, varies from a low of 0.1%
to a high of 4.8%.
Peto’s method proceeds by providing a point estimate for the summary odds ratio,
which simplifies to
=
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Table 7 Frequencies of good (survival) and poor (death) outcomes in the
seven studies tabulated in Table 3

Its statistical

significance may be tested by referring the critical ratio

the standard normal distribution. More informative is
confidence interval for ~,
to

an

approximate 100(1- a)%

Peto’s (0 - E)/V method works well in a controlled comparative study in which the
numbers of subjects in the two groups being compared are of the same order of
magnitude (nl. and n2. differing by a factor of 3 or less, say). When there is severe
imbalance in these frequencies, such as might occur in an observational study,
Greenland and Salvan 21 showed that Peto’s method can yield biased summary odds
ratios. Bias is also possible when the estimated odds ratio is far from unity (say or outside
of the interval from 0.2 to 5.0). Earlier, Mantel, Brown and Byar, 28 and Fleiss, 21 showed
that a measure of association virtually identical to (0 - E )/V, the standardized difference, was flawed. Given the simplicity and broad validity of competing methods, and the
possibility of bias in Peto’s method, there are no compelling reasons for the (0 - E )/V
procedure to be used.
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Studies that control for covariates
A given study’s design may call for the control of the effects of covariates by means of
matching, stratification or regression adjustment. If such is the case, the point estimate
and weighting factor for that study should take the method of control into account.
Matching and stratification are design-based methods for controlling for the effects of
covariates, whereas regression control is essentially a statistical method. We consider
control by regression analysis first.
Let the response variable, Y, equal 1 when the response is a good one and let it equal 0
when response is a poor one. Let X 0 and X 1 represent assignment to the control
and assignment to the experimental group, and let Z1, ... , Zr denote the values of r
covariates. Continuous covariates are analyzed as measured or, if desired, after
transformation, whereas categorical covariates are analyzed by means of indicator
variables. An important statistical model for representing the probability of a good
response as a function of X and of the Zs is the linear logistic regression model,
6.2

.

=

This model is such that the

is

a

linear function of the

=

log odds or logit of P,

treatment

variable and of the covariates:

The coefficient r3 is the difference between the log odds for the population of patients
in the experimental group (coded X 1) and the log odds for the population of patients
in the control group (coded X 0), adjusting for the effects of the r covariates (i.e., r3 is
the logarithm of the adjusted odds ratio). The antilogarithm, exp(r3), is therefore the
regression-adjusted odds ratio associating X (treatment) with Y (response). Every major
package of statistical computer programs has a program for carrying out a linear logistic
regression analysis. All programs produce (3, the maximum likelihood estimate of the
adjusted log odds ratio, and SE, the standard error of 0. The weighting factor for (3 in a
fixed-effects meta-analysis is then simply the reciprocal of SE2.
In the context of a clinical trial, matching (also referred to as blocking) calls for the
grouping of prognostically similar subjects into several matched sets, with the intent
being to have each set consist of some fixed number, say m, of patients (m 2 for
matched pairs, m 3 for matched triples, etc.). At random, me are selected to receive the
control regimen and me m - me are selected to receive the experimental regimen. The
usual value for m is two. Whether or not m is greater than two, a frequent value for me is
one; that is, the intention is often that each matched set consist of one control subject
and m - 1 experimental subjects.
Instead of matching, whether 1:1 or (m -1) 1, the design might call for stratification,
i.e., for assigning each subject to one of a number, say S, of prespecified categories or
strata. For example, the total number of strata is S
9 if there are three categories of
both of two stratification variables, say age (for example, 20-34, 35-49, 50-64) and
initial severity (for example, mild, moderate, severe). Within each stratum, half of the
subjects are assigned at random to receive the experimental and half the control regimen.
=

=

=

=

=

=

Downloaded from smm.sagepub.com at DUKE UNIV on October 1, 2012

139

An important theoretical and practical statistical fact is that, for binary responses, the
data are analyzed the same way whether the design calls for matching or for
stratification. Another way of looking at this result is that the analysis is the same
whether the sample size is large because the number of matched sets, each small in size,
is large or because the sample sizes within a relatively few strata are large. For a given
study, let the frequencies within matched set s (in the case of matching) or within
stratum s (in the case of stratification) be denoted as in Table 9. It is important to realize
that the numbers of subjects within the final column of the table need not be equal (for a
design with stratification) or in the ratio (m - 1) 1 (for a design with matching). The
design might call for balanced allocation to treatments, but chance (and dropouts) will
likely produce some degree of imbalance.

The Mantel-Haenszel estimator of the

study’s odds ratio3° is,

say,

Several statisticians have derived estimators of the variance of the natural

logarithm of

orMH .31-3S The formula derived by Robins, Greenland and Breslow is remarkable in that
it is valid both when the
stratification.34,3s Define

study’s design

calls for

matching and when it calls for

and

Note that
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The

all-purpose formula for the squared standard error of L(orMH ) is

The fixed effects weighting factor associated with this study’s log odds ratio, finally, is
the reciprocal of the expression in equation (98).
The frequencies in Table 10 are adapted from a comparative study presented by
Armitage.36 The summary quantities in Table 11 yield

and

The Mantel-Haenszel estimate of this

Table 10

Stratified

study’s odds ratio is

comparison of two treatments

Table 11I Quantities needed for the calculation of the Mantel-Haenszel estimator of the odds ratio and of the
variance of its logarithm for the values in Table 10
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and the

squared standard error of its logarithm is

The associated

equal

7

weighting factor for this study in a fixed effects meta-analysis, finally, is

to

..

The product-moment correlation coefficient

A measure of association that is more popular in cross-sectional observational studies
than in controlled trials is Pearson’s product-moment correlation coefficient,

For the sake of completeness, we consider briefly the meta-analysis of studies in which
the summary statistical measure is the correlation coefficient.
Assume that X and Y have a bivariate normal distribution. The sampling distribution
of Fisher’s Z transformation of the correlation coefficient,

is, for large samples, approximately normal with a mean of

p

being the value of the underlying parameter, and a variance of

where n is the size of the
with Z is therefore

sample

on

which

r

is based. The

weighting factor

associated

The statistics in Table 12 are the summary results of seven independent studies in
education of the association between a characteristic of the teacher and the mean
measure of his or her students’ achievement .37 The meta-analysis is carried out on the
Z-transformed measures, and the final results are expressed in the original units by
transforming back to the scale of correlations using the reciprocal transformation

The

hypothesis of equal underlying correlations across the seven studies may be tested
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.

Table 12 Summary statistics for seven studies of the correlation between
mean class achievement

t Z

=

Fisher’s Z-transformation of

a measure

of teacher indirectness and

r.

f W= n-3.

by referring the statistic
to

-

the

chi-square distribution with C - degrees of freedom.

For the values in Table

12,

with 7 - 1 = 6 degrees of freedom, obviously not statistically significant. There is no
compelling evidence for heterogeneous association, and thus a fixed effects analysis of all
seven studies may safely be undertaken. (Of course, when Q is less than its expected
value, C - 1, a random effects analysis yields identical results.)
The mean value of Z is

with

an

approximate standard error of

Because the value of the critical ratio

2.576, one may infer that the average value of Z (and therefore the
correlation) is statistically significant at better than the 0.01 two-tailed signi-

exceeds ZO.005 ~
average

ficance level.
An approximate 95% confidence interval

for ~ is

or

A confidence interval for p,
(107) to these limits:

finally,

is obtained

by applying the function in equation
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8

Discussion

Even though the emphasis in this paper has been on the meta-analysis of the results of
clinical trials, the reader is likely aware that meta-analyses of the results of observational
studies in the health sciences, especially epidemiological studies, are also popular. Fleiss
and Grossl6 have pointed out that the opportunities for bias, imprecision and in general
poor quality are greater in observational studies than in controlled trials, and have
suggested that a given study’s weighting factor be a function not only of its size but also
of its quality (valid and reproducible methods exist for measuring a study’s quality&dquo;’).
Others, too, have proposed that studies be weighted by their quality scores as well as (or
even instead of) by their sample sizes. 42-44 In the absence of rigorous and validated
statistical methods for analyzing the resulting data, weighting by quality must be
considered a descriptive rather than an inferential procedure until statistical models for

quality scores are developed.
It is noteworthy that binary response variables are more popular in the health sciences
than quantitative response variables. We restricted attention in the brief section devoted
to quantitative variables (section 3) to the situation in which each trial was designed as a
simple parallel groups study. Follman et al.4s consider other designs, including
crossover trials and studies in which the response variable is the change from the
patient’s baseline value.
When the response variable in a controlled trial is binary, the investigator has the
option of analyzing relative risks or odds ratios, although odds ratios seem to be
somewhat more popular. For observational studies, however, odds ratios are either
strongly preferred or, in epidemiological case-control studies, necessary (odds ratios, but
not relative risks, are generally estimable from case-control studieS21).
The effect size analyzed in section 3 calls for standardizing by the square root of the
pooled variance. This is valid when the two underlying variances are equal (or nearly so),
but may produce erroneous results when applied to a study with unequal variances. In
such a case, Glass proposed standardizing by the control group’s standard derivation,
say sd2 .46 Often, the unequal variances in two treatment groups may be brought to
near-equality by transforming the original measurements to their logarithms, square
roots, or arcsines (in the case of the response variable being a binomial proportion).
Glass’s method of standardization is required only infrequently.
Some tough criticisms have recently been levelled at meta-analysis by Thompson and
Pocock.47 They assert that ’(meta-analysis) is more appropriately viewed as (an)
objective descriptive technique,’ and thus downplay the value of the quantitative results
of a meta-analysis. They may be right, but the growing use of meta-analysis in a growing
number of specialty areas, with quantitative results being at least as important as
qualitative results, argues that meta-analysis is more substantial than a mere descriptive
technique.
...
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